ON RATIONAL SYSTEMS IN THE PLANE. I. RICCATI CASES. 

GABRIEL LUGO AND FRANK J. PALLADINO 

Abstract. This paper is the first in a series of papers which will address, on a case 
by case basis, the special cases of the following rational system in the plane, labeled 
Cn ■ system #11. 

O ■ "1 "2 + fcXn + 722/n „ 1 „ 

^ri • x n+1 = - — ■ — , y n+1 = - — — — — , n = 0,1,2,..., 

CN . M + y n A 2 + B 2 x n + C 2 y n 

with a il A 1 > 0anda 2 ,^2,72,^2,B 2 ,C2 > and a 2 +/3 2 +72 > and A 2 +B 2 + C 2 > 
and nonnegative initial conditions xo and yo so that the denominator is never zero. In 
this article we focus on the special cases which are reducible to the Riccati difference 
equation. 

q 

ti ! 1. Introduction 

eg . 

This paper is the first in a series of papers which will address, on a case by case basis, 

the special cases of the following rational system in the plane, labeled system #11. 

Oil "2 + foXn + llVn n . 

OO ■ x n+l = —— , y n+1 = ——-— — - — , n = 0,1,2,..., 

O " At+Vn A 2 + B 2 x n + C 2 y n 

C with a 1 ,A 1 >0 and a 2 , (3 2 , 72, A 2 , B 2 , C 2 > and a 2 + (3 2 + 72 > and A 2 + B 2 + C 2 > 

and nonnegative initial conditions Xq and y so that the denominator is never zero. In 
this article we focus on the special cases which are reducible to the Riccati difference 
equation. The special cases of system #11 which are Riccati or reducible to Riccati 
are the cases numbered (11,1), (11,2), (11,3), (11,4), (11,5), (11,7), (11,9), (11,10), 
(11,11), (11,13), (11,17), (11,19), (11,20), (11,22), (11,24), (11, 28), and (11,32), in the 
numbering system developed in [I|. Our goal in this article is to determine a complete 
picture of the qualitative behavior for the cases in the above list to the best of our ability. 
This article is organized as follows. In Section 2, we present a change of variables for 
the system numbered (11, 22). In the following sections we present a complete description 
of the qualitative behavior for the cases in the above list to the best of our ability. The 
cases are presented in ascending numerical order each case having its own theorem and 
appearing in its own section. 



O 



X 



Date: December 19, 2011. 

1991 Mathematics Subject Classification. 39A10,39All. 

Key words and phrases, difference equation, Riccati equation, global asymptotic stability, rational 
system. 

1 



2 GABRIEL LUGO AND FRANK J. PALLADINO 

2. A Change of Variables for the System (11,22) 

Consider the following system of rational difference equations, numbered (11,22) in 
the numbering system introduced in [Tj. 

Xn+l = —. ; ; Tl — 0, 1, ... , 

Vn+l = «2 + fcXn, 71 = 0, 1, . . . . 

With ax, Ax, «2, 02 > and arbitrary nonnegative initial conditions so that the denom- 
inator is never zero. This system admits the following change of variables y* = y n and 
x* n = 02Xn, to obtain 

n+l ~Ax+y*J n ~^ L --- 
V*n+i = a 2 + x* nl n = 0, 1, . . . . 
We may relabel our equation so that we have, 

Ax + y n 

y n +i = a 2 + x n , n = 0, 1, — 

With ax, Ax, «2 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. 

3. The System (11,1) 

Theorem 1. Consider the following system of rational difference equations 

ax 
Xn+l = -; ; , n — 0,1, ... , 

Ax + y n 

«2 

y n+1 = -j-, n = 0, 1, . . . , 

A 2 

with ax,Ax,a2,A 2 > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. In this case we have a unique equilibrium 

A 2 ax a 2 



\A2Ax + a 2 A 2/ 
Moreover, every solution is equal to the equilibrium after at most two steps. 

Proof. In this case we clearly have a unique equilibrium 

A 2 ax « 2 



\A 2 Ax + a2 A 2/ 
We have {%x,yx) is on the line segment (0, j±- x j^ 2 -}. Moreover 

(x n ,y n ) = (x,y)=[ 2 * — , X"), n>2. 

VA 2 Ai + a2 A 2 J 



D 
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4. The System (11,2) 

Theorem 2. Consider the following system of rational difference equations 

_ «i _ n « 

x n+ \ — — ■ , n — u, i, . . . , 

Ai +y n 
Vn+i = — , n = 0, 1, ..., 

Vn 

with a±,Ai,a2 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. In this case we have a unique equilibrium 

(x,y) = ( ai ,v^) . 
\A 1 + ^/a^ J 

Moreover, (x n ,y n ) = {x n+ 2,y n +2) for n > 1. Therefore every solution is eventually 
periodic with not necessarily prime period 2. 

Proof. To find the equilibria we solve: 



Ar + y 

a 2 



y 
y 



So y = y 7 ^, and x = j-n^. Thus, we have a unique equilibrium in this case. 
Performing linearized stability analysis about the equilibrium (x, y) we solve: 



-A 



det Al+ y = 

ae V -1 - A J 

A 2 + A = 0. 

So, Ai = and A2 = — 1. Notice that, 

0L2 

y n +2 = = y n , n = 0, 1, . . . . 

Vn+1 

Thus, 

«i ai _ 

^n+3 — -^ — ; — —. — ; — x n+ \, n — U, 1, ... . 

A\ + y n +2 A 1 + y n 

Thus, (x n ,y n ) = (x n+ 2,y n +2) for n > 1. Therefore, every solution is eventually periodic 

with not necessarily prime period 2 for system (11,2). □ 

5. The System (11,3) 
Theorem 3. Consider the following system of rational difference equations 

x n+ i — — ■ , n — u, 1, ... , 

«2 

2/n+i = — , ra = 0,l,..., 

™i/i ai,Ai,ot2 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. For this system of rational difference equations there are 2 regions in 
parametric space with distinct global behavior. The behavior is as follows: 
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(1) If Oil > a 2 , then the unique equilibrium 

«i(ai - a 2 ) a 2 A\ 



{x,y) 



Ai(«i — a 2 ) + a 2 A\ «i — a 2 

is globally asymptotically stable. 
(2) If cti < a 2 , then there are no nonnegative equilibria and lim n ^ 00 (a; n , y n ) = (0, oo) 
for all choices of initial conditions. 

Proof. To find the equilibria we solve: 

Ct\ 



So 



thus, if a.\ > a 2 , then 



and 





Ai + y 1 




Ci 2 

y = — ■ 

X 


y 


= -(A 1 + y), 




a 2 A 1 

y = 

a.\ — a 2 




Q!i(q!i - a 2 ) 



X 

A x (ai - a 2 ) + a 2 Ai 

If a.\ < a 2 , then there are no nonnegative equilibria. Performing linearized stability 
analysis about the equilibrium (x, y) in the case oc\ > a 2 we solve: 



-A 



-X 



det ( _y A ^ ) = 0. 

X 



A 2 - -J— = 0. 



Ai+y 
So, 

'ct 2 




Al,2 — ±1. 

Thus, our equilibrium is locally asymptotically stable in this case. Now we will show 
that our rational system on (0, ^p-) x (0, oo) is topologically conjugate to the following 
second order rational difference equation on (0, oo) 2 , 

Ot 2 OL 2 . 

Un+1 = - r x- = — {A 1 + U n -!) , n = 0, 1, . . . . 

yA 1 +u n - 1 J 
Let / : (0, f ) x (0, oo) -> (0, %) x (0, oo) be 

Oil o 2 



f((x,y)) , 
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Let g: (0, oo) 2 -»■ (0,oo) 2 be 

Let h : (0, sl) x (0, oo) ->■ (0, oo) 2 be 

/»((*, y)) = (y,^-i4i) 

Let /i- 1 : (0, oo) 2 ->• (0, ^) x (0, oo) be 

-1// xx ( on 



h ((x,y)) = ( - — ,x 



Now we will show that h x o g o h = f. 

h- 1 °g°h((x,y)) = h- 1 o s ((y,^--A 1 ))=h- i (( 



" -,?)=/<(*,»)). 



Ax + 2/ a; 

So, since the system (11,3) is conjugate to the linear system above we see that the unique 
equilibrium is globally asymptotically stable in the case «i > oli- Also, since the system 
(11,3) is conjugate to the linear system above we see that lim n _!. 00 (x ra , y n ) = (0, oo) in 
the case a\ < a 2 - □ 

6. The System (11,4) 
Theorem 4. Consider the following system of rational difference equations 

Oil 

x n+i — — A ; , n = 0, 1, . . . , 

M +y n 
Vn+1 = l2Vn, U = 0,1,..., 

with a 1 ,A 1 ,7 2 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. For this system of rational difference equations there are 3 regions in 
parametric space with distinct global behavior. The behavior is as follows: 

(1) //" 72 > 1, then for any choice of initial conditions with y ^ 0, 

]im(x n ,y n ) = (0,oo). 

Moreover, [0,oo) x {0} is the stable manifold for our saddle equilibrium 

(*.« = (£<>). 
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(2) 1/72 = 1, then every point in the set 



Ai + v ,v)\ve[0,oo) 

is a nonhyperbolic equilibrium point. Furthermore, for each v G [0, 00), the set 
[0,oo) x {v} is a stable manifold for the nonhyperbolic equilibrium ( ^ . 



(3) If ^2 < 1; the unique equilibrium (x,y) = I 35S ) ^ s globally asymptotically stable. 
Proof. To find the equilibria we solve: 



x 



A! + y 
V = jzy- 

So if 72 7^ 1 then there is a unique equilibrium, 

(x,y)=(^-,0). 

However if 72 = 1 then every point in the set 

a 1 



Ai + v ,v)\ve[0,oo) 

is an equilibrium point. 

Performing linearized stability analysis about the equilibrium (x, y) we solve: 

-A 



det ( n Al +\ ) = 0. 
72 - A 



A 2 - 72 A = 0. 



So Ai = and A 2 = 72- So, the unique equilibrium is locally asymptotically stable 
when 72 < 1. The unique equilibrium is a saddle point when 72 > 1. Furthermore all 
equilibria are nonhyperbolic when 72 = 1. 

Suppose 72 < 1, then clearly for an arbitrary choice of initial conditions lim ra ^ 00 (x n , y n ) = 
(x,y) = ( ^p-, 1 . So, when 72 < 1 the unique equilibrium is globally asymptotically sta- 
ble. 

Suppose 72 > 1, then clearly for any choice of initial conditions with j/ ^0, lim n _ >00 (x n , y 

(x,y) = (0,oo). If we choose (x ,y ) 6 [0, 00) x {0}, then (x n ,y n ) = (x,y) = ^,0J 

for n > 1. Thus in the case 72 > 1, [0, 00) x {0} is the stable manifold for our saddle 
equilibrium. 
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Suppose 72 = 1, then clearly (x n ,y n ) = ( A a ^ , 3/0 J for n > 1. Thus every point 

, v J \v E [0, oo) 



in 

the set 



is a nonhyperbolic equilibrium point. Furthermore, for each v G [0, oo), the set 

[0, oo) x {v} is a stable manifold for the nonhyperbolic equilibrium ( ^ , v 1 . □ 

7. The System (11,5) 

Theorem 5. Consider the following system of rational difference equations 

^n+i = —. — ■ , n — 0, 1, . . . , 

4i +y n 

2/n+i = s~, ra = 0,l,..., 

™i/i «i, A 1; /?2, -B2 > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. In this case we have a unique equilibrium 

to y) = ( B ^ h) 

Moreover, every solution is equal to the equilibrium after at most two steps. 
Proof. In this case we clearly have a unique equilibrium 

(x y) = ( B2Ql ^-] 
We have (xi,yi) is on the line segment (0, ^ x {J 2 -}. Moreover 

D 

8. The System (11,7) 

Theorem 6. Consider the following system of rational difference equations 

ai - n 1 

x n +i — —. — ; , n — u, i, . . . , 

M + y n 

Vn+l = faXn: 71 = 0, 1, ... , 

with ai,Ai,02 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. In this case the unique nonnegative equilibrium 



_ _ , A 1 + ^Af + 4/? 2 «i -^i + v^A? + 4j3 2 a s 
x, y) 



2/3 2 
is globally asymptotically stable. 
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Proof. To find the equilibria we solve: 



So, 



Hence 

2/i, 2 2 

However, one of these roots is clearly negative so we have a unique nonnegative equilib- 
rium, 

( . -, { -A 1 + v /A 2 1 + 4p 2 a 1 -Ai + y/Aj + 4/3 2 c*i 
V'V'-y 2 /? 2 ' 2 

Performing linearized stability analysis about the equilibrium (x, y) we solve: 

-A 





^ A 1 




y = fax. 




y = fa , . _, 
Ai+y 


f 


+ A x y - faa x = 0. 




-A x ± y/Aj + 4/3 2 «i 



det I *+« ] = 0. 



>2 . &Z x2 , ?/ 



A , + _^-_ = A , + 



Ai +y ' Ai + y 

So, 



') 



A L2 = ± \ A , .- = ± 1 



-Ai + ^A\ + 4/3 2 ai 



-4i + y V ^i + V A i + 4 /^2«i ' 

Since our roots are inside the unit disk, our unique equilibrium is locally asymptotically 
stable. Now we will show that our rational system on (0, ■^ L ) x (0, oo) is topologically 
conjugate to the following second order rational difference equation on (0,oo) 2 , 

u n +i = fa ( -: — — J , n = 0, 1, . . . . 

\A 1 +u n - 1 J 

Let / : (0, f ) x (0, oo) -► (0, %) x (0, oo) be 



/((•'•■ /y)) = ( A l + ,fax 



Let g: (0, oo) 2 -»■ (0, oo) 2 be 



</((•'•-. v))= f M ^^t; )-•'')■ 



Let ft : (0, f*-) x (0, oo) ->■ (0, oo) 2 be 

h((x,y))=(y,^-A l ). 
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Let h- 1 : (0, oo) 2 -»■ (0, %*) x (0, oo) be 



-1// „ I Oil 



h ((x,y)) = I - — ,x 

Now we will show that h^ 1 ogoh — f. 

h-'ogo h((x, y)) = h - 1 og[( < y^- A^j) = h~ l ((/3 2 X, y)) 



(3 2 x ) = f((x,y)). 



Ai+y 

Since our system is conjugate to a second order rational difference equation which de- 
couples into two Riccati equations, we see that the unique equilibrium which we found 
earlier is globally asymptotically stable. □ 



9. The System (11,9) 
Theorem 7. Consider the following system of rational difference equations 

Oil 

x n +i = -; : , n — 0,1, ... , 

Ai + y n 

72 

Vn+i = tt> n = 0,l,..., 

with oli,Ai,^j 2 ,C 2 > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. In this case we clearly have a unique equilibrium 

,- -.. , C2«l 72 

\x,y) 



C 2 Ai + ~f 2 C 2 , 

Moreover, every solution is equal to the equilibrium after at most two steps. 
Proof. In this case we clearly have a unique equilibrium 

(x y) = ( ° 2ai ^-) 
[ ,V) \C 2 Ai + l2 >C 2 J- 

We have (xi,yi) is on the line segment (0, ^ x {^r}. Moreover 
(x n ,y n ) = (x,y) = ( 2 * — ,£-), n>2. 



U 
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10. The System (11,10) 

Theorem 8. Consider the following system of rational difference equations 

_ «i _ n , 

Ai +y n 

Ci 2 
y n +l = - A ; , 71 = 0,1,..., 

A 2 + y n 

with ai,Ai,a 2 ,A 2 > and arbitrary nonnegative initial conditions so that the denom- 
inator is never zero. In this case, there is a unique nonnegative equilibrium which is 
globally asymptotically stable. 

Proof. To find the equilibria we solve: 

x 



V 



A, + y' 
a 2 



A 2 + y 
So, 

A 2 y + y 2 - ol 2 = 0. 
Thus, 

_ -A 2 + JA\ + 4a 2 

y = 

y 2 

and 

2ai 

x 



2A 1 - A 2 + ^/A\ + Aa 2 ' 
Descarte's rule of signs tells us that there is a unique nonnegative equilibrium. Per- 
forming linearized stability analysis about the equilibrium (x, y) we solve: 



-A 



det ( 4 1+g A 1 = 0. 

-42+5 

x z + I -J— ) X = 0. 



Ai + y, 

We have Ai = and X 2 = A ~^_ . Thus our unique nonnegative equilibrium is locally 
asymptotically stable. 

Now we will show that our rational system on (0, ^-) x (0, oo) is topologically conjugate 

to the following second order rational difference equation on (0, oo) 2 , 

a 2 
u n+1 = - — ■ , n = 0,l,.... 

A 2 + u n 

Let / : (0, f ) x (0, oo) -► (0, f ) x (0, oo) be 

f{{x,y)) 



Ai+y A 2 + y 
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Let g: (0, oo) 2 -»■ (0,oo) 2 be 

5 ((*,y))=(^,* 

Let /i : (0, sl) x (0, oo) -»■ (0, ex)) 2 be 

/»((x,y))=(y,^-^i). 

Let /t' 1 : (0, oo) 2 ->■ (0, ^) x (0, oo) be 



-i// .. / «i 



^ (( x '^)) = I A^+y ,X 



Now we will show that h ogoh — f. 



h-'ogo h((x, y)) = h- 1 og( K [y^- Ax)) = h~ l ( ( 



a 2 

;V 



A 2 + y 



a l "2 , f(( ,, 



Ai + y 1 A 2 + V/ 

Since our system (11,10) is conjugate to a Riccati difference equation we see that every 
solution converges to the unique nonnegative equilibrium. Thus, since we have already 
shown the unique nonnegative equilibrium to be locally asymptotically stable, the unique 
nonnegative equilibrium is globally asymptotically stable. □ 

11. The System (11,11) 
Theorem 9. Consider the following system of rational difference equations 

- ai _n 1 

x n+ \ — — ■ , n — u, i, . . . , 

M + y n 

Ct 2 
Vn+1 = -: — ; , 71 = 0,1,..., 

A 2 + x n 
with a±,Ai,a 2 ,A 2 > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. In this case, the unique nonnegative equilibrium is globally asymp- 
totically stable. 

Proof. To find the equilibria we solve: 



y 



A! + y' 
a 2 



A 2 + x 
So, 

A 2 y - a 2 = A x x - ai, 

A\x 2 + (a 2 — a\)x 



A 2 y + xy = Aix + a 2 — ot\ 
= A\x — ct\ + 



A 2 
Aix 2 + (a 2 — ai)x 
A, : 
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A 1 _ 2 A X A 2 + a 2 -a ± _ 

——x H x — ai = (J. 

A 2 A 2 

So, by Descarte's rule of signs we see that there is a unique nonnegative equilibrium 
(x, y). Performing linearized stability analysis about the equilibrium (x,y) we solve: 

-A 



det -y Al+ y = 0. 
V M+i ~ X J 

2 xy 

" (A x + y) (A 2 + x) ~ 
So, 



Ax, = ±/ X2/ 



(Ai + y) (A 2 + x) ' 
Thus our unique nonnegative equilibrium is locally asymptotically stable. 

Now we will show that our rational system on (0, ^-) x (0, oo) is topologically conjugate 

to the following second order rational difference equation on (0, oo) 2 , 

a 2 
u n +i = 7 x-, n = 0, 1, 



A 2 + 



gn 



Le1 /:(0.^-)x((.).3c)^(().^)x(0,oo)be 

«1 «2 



/((*,!/)) 



Ai + y A 2 + x 
Let # : (0,oo) 2 -»■ (0,oo) 2 be 

Let /i : (0, sl) x (0, oo) ->■ (0, oo) 2 be 
Let h- 1 : (0, oo) 2 ->■ (0, sl) x (0, oo) be 

-1// XN Z' "1 



/T ((*,,)) ^^-^x 
Now we will show that h^ 1 ogoh — f. 

h- l ogo h((x, y)) = h - l og[(y^- A x )) = h~' 

ai <y 2 



a 2 

,y 



A 2 + x' 



Ai + y' A 2 + x 



f((x,y))- 
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Since the system (11,11) is conjugate to a second order rational difference equation 
which decouples into two Riccati difference equations with Riccati number different from 
zero, the unique nonnegative equilibrium is globally asymptotically stable for the system 
(11,11). ... ^ 

12. The System (11,13) 
Theorem 10. Consider the following system of rational difference equations 



Xn+i = -j— , n = 0,l,... 

M + y n 



Un „ -. 

y n +l = - A — ; , 71 = 0,1,... 

M + Vn 



with a\,A\,A 2 > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. For this system of rational difference equations there are 2 regions 
in parametric space with distinct global behavior. The behavior is as follows: 

(1) If A 2 > 1 the unique equilibrium (^p-,0) is globally asymptotically stable. 

(2) If A 2 < I, then there are exactly two distinct equilibria. The equilibrium (^,01 

is a saddle with [0,oo) x {0} as its stable manifold. Moreover, the equilibrium 
,1 — A 2 ) is locally asymptotically stable with attracting basin [0,oo) x 



<*i 



K -Ai + l-A 2 

(0,oo). 



Proof. To find the equilibria we solve: 



y 



A! + y 

y 



A 2 + y 

So, (xi, y-i) = (^-, 0) and if A 2 < 1 and y ^ 0, then 

Performing linearized stability analysis about the equilibrium (x, y) we solve: 

■A 



det I i4 1+j ^ A I = 0. 

A 2 +y 



A2 + V 

So, 

Ai=0, A 2 = -}^ 
A 2 + y 
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So, if A 2 < 1, then the equilibrium (^-, 0) is a saddle and the equilibrium ( A f^_ A , 1 — 
A 2 ) is locally asymptotically stable. If A 2 = 1, then the unique equilibrium (^p-,0) is 
nonhyperbolic. If A 2 > 1, then the unique equilibrium (^p-,0) is locally asymptotically 
stable. Now we will show that our rational system on (0, ^p-) x (0, oo) is topologically 
conjugate to the following second order rational difference equation on (0,oo) 2 , 

u n+i = ~ A — ; , n = 0,l, .... 

A 2 + u n 

Let / : (0, f ) x (0, oo) -► (0, %) x (0, oo) be 

oil y 



M*,V)) 



A 1 + y' A 2 + y 
Let g: (0, oo) 2 -»■ (0, oo) 2 be 

Let /i : (0, %) x (0, oo) ->■ (0, oo) 2 be 
Let ft" 1 : (0, oo) 2 ->■ (0, %) x (0, oo) be 

Now we will show that /i _1 ogoh — f. 



'•■ 1 offofc(( Il y)) = l.- 1 o S ((y^^ 1 ))=fc- 1 ((- i l- l yjj 



ftl W ' /((*,*))■ 



^1 + 2/ ^2 + 2/ 

From the conjugacy we see that for system (11,13) whenever A 2 > 1, the unique 
equilibrium (^p-, 0) is globally asymptotically stable. Furthermore, whenever A 2 < 1, the 
equilibrium (^p-,0) is a saddle with [0, oo) x {0} as its stable manifold. Also, whenever 
A 2 < 1, the equilibrium ( A +^_ A , 1 — A 2 ) is locally asymptotically stable with attracting 
basin [0, oo) x (0,oo). □ 

13. The System (11,17) 
Theorem 11. Consider the following system of rational difference equations 

x n +i = -j ; , n — 0,1, ... , 
A\ + y n 



in 



y n +\ = - A — } — , n = 0, 1,... 
A 2 + x„ 
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with a±,Ai,A 2 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. In this case, the unique nonnegative equilibrium 



«i - A X A X + \l («i - AiAif + 4«i^ 2 + Aa 1 A 1 A 2 
x = 



2 + 2A 



2«i + 2A 1 a 1 

y = -, - M, 

«i - A X A X + \ (a x - AM 2 + Aa x A 2 + 4a!AiA 2 



is globally asymptotically stable. 
Proof. To find the equilibria we solve: 



So, 



Thus, 
Hence 





\ 


Ct\ 




A, 


+ y 






X 


y 


A 2 


+ X 




ct\A 2 


; + CtlX 



A 1 A 2 + A 1 x + x' 



AiA 2 x + (Ai + l)x 2 = a.\A 2 + a±x. 



«i - A X A X + */(ai - A^i) 2 + 4ai^ 2 + \a x A x A 2 



x 



So, 



2 + 2A x 
2«i + 2A 1 a 1 



-A x . 



ai - A X A X + y (ai - Ai^i) 2 + Aa x A 2 + 4a 1 ^i^ 2 

Performing linearized stability analysis about the equilibrium (x, y) we solve: 

■A 



det f j_^ ^ \ = o. 

2 xy — x 

~ (Ax + y) (A 2 + I) ~ 
Since xy — x — A 2 y from the equilibrium equations, we get 

A 2 + M o. 

(^i + y) (A 2 + x) 

Thus both roots lie inside the unit disk and our unique equilibrium, (x,y), is locally 
asymptotically stable. 
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Now we will show that our rational system on (0, ^-) x (0, oo) is topologically conjugate 
to the following second order rational difference equation on (0, oo) 2 , 

ga 



Ai~\-u n —i 
U n+1 = - -, 72 = 0,1,. 

ai 



A 2+ [ : 



^Ai+u n -i 

Let /:(0.^)x(0.rx;)^(0.^)x(0,oo)be 

OL\ X 



M*,v)) 



Ai + y' A 2 + xJ ' 
Let g : (0,oo) 2 -»■ (0,oo) 2 be 






Let /i : (0, 5J-) x (0, oo) ->■ (0, oo) 2 be 

M(*>v)) = (v> ^ - ^i) ■ 

Let /i- 1 : (0, oo) 2 ->■ (0, %) x (0, oo) be 

Now we will show that /i _1 ogoh — f. 

-i 



/i 1 ogoh((x,y)) = h 1 og y(y, — ~ A ^)) = h 

M*,v)) 



X 

y 



x ) ) \ \A 2 + x 

OL\ X 



A l + y 1 A 2 + x 

Since the system (11,17) is conjugate to a second order rational difference equation 
which decouples into two Riccati difference equations with Riccati number different from 
zero, the unique nonnegative equilibrium is globally asymptotically stable for the system 
(11,17). " □ 

14. The System (11,19) 
Theorem 12. Consider the following system of rational difference equations 

- ai _n 1 

x n +i — —. ; , n — u, i, ... , 

A\ + y n 



in 



Vn+l = «2 + 722/n, 71 = 0,1,..., 

with ai,Ai,a 2 ,~f 2 > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. For this system of rational difference equations there are 2 regions 
in parametric space with distinct global behavior. The behavior is as follows: 
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(1) If 72 < 1, then the unique equilibrium 

«i - «i7 2 a 2 



Ai - Ai7 2 + a 2 ' 1 - 72/ ' 
is globally asymptotically stable. 
(2) 1/72 > 1; ^en /or an arbitrary choice of initial conditions 

lim(x n ,y n ) = (0,oo). 

n— >oo 

Proof. If 72 > 1, then clearly lirrin^oo y n = oo and hin^^oo x n = 0. If 72 < 1, then we 
find the equilibrium by solving the following system of equations: 

Ai + y' 
y = a 2 + J 2 y- 
So, 

« 2 

y 



X 



1 -72 

OL\ — «i7 2 

Ax - A 1 -y 2 + a 2 



Performing linearized stability analysis about the equilibrium (x, w) we solve: 



-A 



— X 



det n Al +\ = 0. 

\ 72 - a y 

A 2 - 72 A = 0. 
So, in the case 72 < 1, the unique equilibrium, 

«i - ai7 2 a 2 



Ai - A172 + a 2 ' 1 - 72/ ' 
is locally asymptotically stable. 

Now, we will show that our rational system on (0, ^-) x (0, 00) is topologically conju- 
gate to the following second order rational difference equation on (0, oo) 2 , 

U n +1 = «2 + 72«n, 71 = 0,1,.... 

Let / : (0, %) x (0, 00) -► (0, %) x (0, 00) be 

f((x, y)) = I , 7 , a 2 + 722/ 
Let 5: (0,oo) 2 -»• (0,cx)) 2 be 

g((x,y)) = (a 2 + i2x,x) . 

Let /1 : (0, ^) x (0, 00) -»■ (0, ex)) 2 be 

h((x,y))=( y ,^-A l ). 
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Let h- 1 : (0, oo) 2 -»■ (0, ^-) x (0, oo) be 

h-\(x,y)) = ( - ±— ,x 

Now we will show that h^ 1 ogoh — f. 

h~ l ogoh((x,y)) = h' 1 ogi^y, — - A^J = h' 1 ((a 2 + 722/ , ?/)) 

r^—, «2 + 722/1 = f((x, y)). 

Ai + y J 

Since our system (11,19) is conjugate to a first order linear difference equation, we get 
that when 72 < 1 the unique equilibrium is globally asymptotically stable. Furthermore, 
when 72 > 1 for our system (11,19), then linin^oo y n = 00 and limn^ooXn = 0. □ 

15. The System (11,20) 
Theorem 13. Consider the following system of rational difference equations 

Ct\ 

x n +i = —. ; , n — 0,1, ... , 

Ai + y n 

«2 + l2Vn n , 

2/n+i = , n = 0,l,..., 

Vn 

with ol\,A\,oli-,1i > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. In this case, the unique equilibrium 



2ai 72 + Vol + 4 «2 



2 A 1 + 72 + V7 2 2 + 4a 2 ' 
is globally asymptotically stable. 
Proof. To find the equilibria we solve: 






.</ 



«2 + 722/ 



2/ 
So, 

_ _ 72 + y/r/2 + 4a 2 
2/ - 2 : 

2«i 



x 



2A1 + 72 + Vol + 4a 2 ' 



Performing linearized stability analysis about the equilibrium (x, y) we solve: 

-A 
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A 2 - (^\ X = (). 



Since < 72 < y, we have that 



11 — \ 
5 



2/ 

< 1. Thus, the unique equilibrium, 



2«i 72 + V72 + 4 «2 



s 2Ai + 7 2 + v^+4c^' 2 

is locally asymptotically stable. 

Since the recursive equation governing y n is a Riccati equation which does not depend 
on x n in any way, the unique equilibrium is globally asymptotically stable for the system 
(11,20). ' □ 

16. The System (11,22) 

Theorem 14. Consider the following system of rational difference equations 

- ai - n 1 

x n+ \ — — ■ , n — u, i, . . . , 

M + y n 

y n+1 = a 2 + x n , n = 0, 1, . . . , 

with ai,Ai,ot2 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. In this case, the unique nonnegative equilibrium 



-a 2 -A ± + J(a 2 + A) 2 + 4c*i a 2 - A ± + J(a 2 + A x ) 2 + 4c*i 



2 

is globally asymptotically stable. 
Proof. To find the equilibria we solve: 



x 



So, 



Ai + y' 



2/ = «2 + 



A + 27' 
y 2 + A ± y = a 2 Ai + a 2 y + «i. 



Thus, 



.r 



«2 - 


-A 


+ ^(a 2 + A) 2 


+ 4«i 




-A 


2 


5 


— «2 


+ ^(a 2 + A 1 f 


! + 4 ai 
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Performing linearized stability analysis about the equilibrium (x, y) we solve: 

-A 



det ( A ^+y ) - 0. 



A 2 + _?_ = 0. 



Ai + y 
Since y = a 2 + x, we have 

A 2 + * = 0. 

Ai + a 2 + x 

Thus, our unique nonnegative equilibrium is locally asymptotically stable. 

Now we will show that our rational system on (0, j±) x (0, oo) is topologically conjugate 
to the following second order rational difference equation on (0, oo) 2 , 

U n +1 = "2 + ( -: — — I , n = 0, 1, . . . . 

Let / : (0, %) x (0, oo) -+ (0, f ) x (0, oo) be 



f((x,y)) = i , | , «2 + x 



Let 5: (0,oo) 2 -»■ (0,oo) 2 be 



g((x,y)) = [a 2 + [ j * ) ,x) . 



Let /1 : (0, fL) x (0, 00) ->■ (0, oo) 2 be 

h((x,y))=(y,^-A 1 ). 
Let Jr 1 : (0, oo) 2 ->■ (0, sl) x (0, 00) be 



-i// / «i 



Now we will show that h^ 1 ogoh — f. 

h' 1 o g o /i((x, ^)) = /T 1 o 51 ^y, — - Aij J = /i" 1 ((a 2 + x, y)) 

, 1 , cfc 2 + x ) = f((x,y)). 
Ai + V J 

Since the system (11,22) is conjugate to a second order rational difference equation 
which decouples into two Riccati difference equations with Riccati number different from 
zero, the unique nonnegative equilibrium is globally asymptotically stable for the system 
(11,22). □ 
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17. The System (11,24) 

Theorem 15. Consider the following system of rational difference equations 

«i _ n -, 

x n +i — ~ A ; , n — u, i, . . . , 
M + y n 

a 2 + x n 
y n+1 = , n = 0, 1, ..., 

Xn 

with ai,Ai,a 2 > and arbitrary nonnegative initial conditions so that the denominator 
is never zero. For this system of rational difference equations there are 2 regions in 
parametric space with distinct global behavior. The behavior is as follows: 

(1) If ai > a 2 , then the unique nonnegative equilibrium 

«1 — «2 Oil + QL2A1 



A\ + 1 «i — «2 

is globally asymptotically stable. 
(2) If ai < (X2, then for an arbitrary choice of initial conditions 

lim(x n ,y n ) = (0,oo). 

n— >oo 

Proof. To find the equilibria we solve: 

a 1 



x 



y 



Ai + y 
a 2 + x 



x 
So, 

yx = a 2 + x, 

and 

Aix + yx = ai. 

Thus, 

Aix + a 2 + x = ai. 

So, when a,i > a 2 we have the unique nonnegative equilibrium, 

«i — a 2 



x 



y 



" Ai + l 1 
«i + a 2 Ai 



ai — a 2 
When «i < a 2 there are no nonnegative equilibria. 

Performing linearized stability analysis about the equilibrium (x, y) when a.i > a 2 we 
solve: 

-A 



drt { i_g ^ )=0. 



v2 , 1-2/ 



A^ + 2_ = 0. 

Ai + y 



22 



Since — y < 1 — y < 0, we get that 
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1-5 



M+y 



< 1. Thus, when «i > a 2 , the unique 



nonnegative equilibrium is locally asymptotically stable. 

Now we will show that our rational system on (0, ^p-) x (0, oo) is topologically conjugate 
to the following second order rational difference equation on (0, oo) 2 , 



u 



n+l 



« 2 +(l7T^7 



Ql 



n = 0, 1, 



Let / : (0, ^) x (0, oo) -)• (0, f ) x (0, oo) be 

«1 Ct2 + ^ 



/((*,v)) 



Ai + y' x 



Let g: (0, oo) 2 -»• (0,oo) 2 be 



9{{x,y)) 



a 2 






Ai+y 






Let /i : (0, sl) x (0, oo) -»■ (0, oo) 2 be 

M(*.y)) = (y.^-^i)- 

Let /i- 1 : (0, oo) 2 ->• (0, sl) x (0, oo) be 



Ol 



Ai + y 






Now we will show that h x o g o h = f. 

h-'ogo h((x, y)) = h- 1 og[( K y^- ^)) = /T 1 ( ( 



-1 /V a 2 + X 



X 



«1 «2 + ^ 



/((*,!/)). 



_Ai + y x 

Since the system (11,24) is conjugate to the second order linear rational difference equa- 
tion, 

A x a 2 + a 2 «n-i + «i n -, 

w n+ i = , n = 0, 1,..., 

we have that whenever ai > 0:2, the unique nonnegative equilibrium is globally asymp- 
totically stable for the system (11,24). Moreover, whenever a,\ < a 2 for our system 
(11,24), then lim n _ >00 y n = 00 and lim n ^ 00 x n = 0. □ 
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18. The System (11,28) 
Theorem 16. Consider the following system of rational difference equations 

ai - n i 

x n +i — -; — ; , n — U, 1, . . . , 

M + y n 

«2 + 722/n n -, 

Vn+i = — ; — : , 71 = 0,1,..., 

^2 + 2/n 

with a± , A\ , a 2 , 72 , A 2 > and arbitrary nonnegative initial conditions so that the de- 
nominator is never zero. In this case, the unique equilibrium 



2«i 72 - M + W(7 2 - A 2 ) 2 + 4a 2 



k 24i + 72 - A 2 + y(72 - A 2 ) 2 + 4a 2 
is globally asymptotically stable. 
Proof. To find the equilibria we solve: 

Ct\ 

x 



y 



Ai + y 

«2 + l2V 



So, 
Thus, 



x 



A 2 + y 

y 2 + A 2 y = a 2 + j 2 y. 

72 - A 2 + ^(72 - A 2 f + 4a 2 

2 

2«i 



2A X + 72 - A 2 + J (72 - A 2 ) 2 + 4a 2 



Thus, we have a unique nonnegative equilibrium. 

Performing linearized stability analysis about the equilibrium (x,y), we solve: 

-A 



I ^ 72—?/ \ I ^* 

A 2 -(^)A = 0. 



,^2 + y 

Now, 



l2 -y 72 + ^2 - \J (72 - A 2 f + Aa 2 
A2 + V l2 + A 2 + J( l2 -A 2 ) 2 + Aa 2 



24 

and 
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72 + A 2 - J (72 - A 2 ) + Aa 2 



72 + A 2 + y (72 - A 2 ) 2 + 4a 2 



< 1. 



Thus, the unique nonnegative equilibrium for system (11,28) is locally asymptotically 
stable. 

Since the recursive equation governing y n is a Riccati equation which does not depend 
on x n in any way, the unique equilibrium is globally asymptotically stable for the system 
(11,28). □ 

19. The System (11,32) 

Theorem 17. Consider the following system of rational difference equations 

a 1 



A\ + y n 


71 = 0,1,..., 


ct 2 + x n 

Vn+l — A , ) 


n = 0,1,..., 



A 2 + x n 

with a\,Ai,a 2 ,A 2 > and arbitrary nonnegative initial conditions so that the denomi- 
nator is never zero. In this case, the unique nonnegative equilibrium 



x 



a x -OL 2 - A X A 2 + y/jaj -a 2 - A ± A 2 ) 2 + 4a x A 2 + 4a x A x A 2 
2«i + 2a 1 A 1 



a ± -a 2 - A X A 2 + ^/{a 1 - a 2 - A X A 2 ) 2 + 4a x A 2 + 4a x A x A 2 
is globally asymptotically stable. 

Proof. To find the equilibria we solve: 



A, 



So, 



Thus, 



x 





OL\ 




Ax + y 


y 


a 2 + x 

A 2 + x 




OL\A 2 + 0>iX 



A X A 2 + A t x + a 2 + x 



(1 + Ai)x 2 + (A X A 2 + a 2 )x = ql\A 2 + a x x. 
So the system (11,32) has the unique nonnegative equilibrium, 

«i - a 2 - A X A 2 + ^(ai — a 2 — AiA 2 ) 2 + Aa x A 2 + Aa x A x A 2 



x 



2 + 2A x 
2«i + 2a 1 A l 



a ± -a 2 - A X A 2 + ^(a x - a 2 - A X A 2 ) 2 + 4a x A 2 + Aa x A x A 2 



A 1 . 
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Now we will show that our rational system on (0, ^-) x (0, oo) is topologically conjugate 
to the following second order rational difference equation on (0, oo) 2 , 



a 2 + 



qi 



A\-\-u n —\ 
U n +l = 7 "J n = 0,l, 

A 2 



Let / : (0, f ) x (0, oo) -> (0, sl) x (0, oo) be 

OL\ Ct 2 + X 



Let g : (0,oo) 2 ->■ (0,oo) 2 be 



Ai + y' A 2 + x 



«2i i Al+?/ 
g(( x ,y)) = I ? (-,& 



Ql 



A 9 






(X 2 + X 

A 2 + X 



Let /i : (0, ^-) x (0, oo) ->■ (0, oo) 2 be 

/»((x,y))=(y,^-i4 1 ) 

Let h- 1 : (0, oo) 2 -»■ (0, ^) x (0, oo) be 

h-\(x,y)) = l A a * ,x 
Now we will show that h^ 1 ogoh — f. 

h' 1 ogoh((x,y)) = h~ 1 og ((#> — ~^i)) = h± 

^i + 2/ ^2 + £/ 

Since the system (11,32) is conjugate to a second order rational difference equation 
which decouples into two Riccati difference equations with Riccati number different from 
zero, the unique nonnegative equilibrium is globally asymptotically stable for the system 
(11,32). □ 

20. CONCLUSION 

This paper is the first in a series of papers which will address, on a case by case basis, 
the special cases of the following rational system in the plane, labeled system #11. 

ol\ a 2 + f3 2 x n + ^ 2 y n _ n i o 

Xn+l — -1 ; , Vn+1 — -j —5 — ^ ! n — U , i-,Z, . . . , 

M + y n A 2 + B 2 x n + C 2 y n 

with «i, A\ > and a 2 , (5 2) 72, A 2) B 2 , C 2 > and a 2 + /3 2 + 72 > and A 2 + 5 2 + C 2 > 
and nonnegative initial conditions Xq and y so that; the denominator is never zero. In 
this article we have focused on the special cases which are reducible to the Riccati dif- 
ference equation. We have determined the complete picture of the qualitative behavior 
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for special cases of system #11 which are Riccati or reducible to Riccati, namely the 
cases numbered (11,1), (11,2), (11,3), (11,4), (11,5), (11,7), (11,9), (11,10), (11,11), 
(11,13), (11,17), (11,19), (11,20), (11,22), (11,24), (11,28), and (11,32), in the num- 
bering system developed in [I]. 
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